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Abstract. The díscrete Green functions and their 
have deserved the interest of m3ny resean:hers different 
In this work derive the Green function of a perturbed network in terms of the 
Green function of its base network. 
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1 Introduction 
Given a finite set whose cardinality 71" the set of real valued functions 
on V is denoted by e . In particular, for any x E V, 
function at vertex x. An 
when ,u) O for any u when 
O for any non-null u E operator K is named 
semi-definite and ¡ts mn],; is to 
n-lo 
A functíon K: V x V --+ 1Ft ís generically called a kernel on V and 
mines an endomorphism of V) the function 
of e(V) is deter­
mined . There­
hence ¡ts associated endomorphisms of 
order n, whereas functions on V can be 
, can be identified wi th matrices of 
identified with (column) 
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vectors of IR7l or diagonal matrices. In , if I denotes the Identity 
, it is identify with the matrix 1. On the other hand, an 
K of C(V) is identified with a symmetric 01' serni­
defillite rnatrix ift' K has the sarne ,wr,,,,,,,', see [1]. 
networks 
In this sectíon we cansider fixed connected finite network r on the vertex 
set V w hose cond uctance is the kernel e: V x 11 w hich 
satisfies that = O for any E V and rnareaver, vertex x is to 
vertex y ift' > O. We call r the base network. 
The combinatorial Laplacían ar the Laplacian of the network r is 
the af C(V) that to each u E C(V) the function 
L(u)(x) = L - u (y) ) , x E V. 
yEV 
and 
function, 
It is well-known that Q is semi 
definite an 
next airn is to analyze the operators associated with a per­
turbatian uf the conductancl'. 11 
function and denote LE the combinatorial 'O>,Jia''-''<:<.u 
with the perturbed conductance e + E and 
aperator and 
Far any x, y E V we cansider the dipole 
and the resistance between 
functíon are related 2G (x, y), 
that R: V x V -----1 is symrnetric and vanishes on the 
see [2] and references therein. V/e can extend the resistance 
to R. V x V x V x V -----1 [O, 
1 
y,z,t)=Z t) +R(y,z) 
since ,y, x, = 
Theorem 1. that 
x,yEV 
Q b(xy, 
l:,y,z,tEV 
where 
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Proof. For the first equality, it suffices to observe that given -u E C(V), then 
for all Z E V, 
L PaloY(-u)(z) = ~ L E(X,Y)(Ex(Z) - Ey(Z)) (-u(x) - u(y))
x,yEV 	 x,yEV 
= ~ L E(Z,y)(u(z) - u(y)) - ~ L E(X,Z)(u(x) - u(z))
yEV xEV 
= ~ L E(Z,y)(u(z) - u(y)) + ~ L E(Z, y) (u(z) - u(y))
yEV yEV 
= L E(Z, y)(u( z ) - u(y)).
yEV 
On the other hand , the Poisson equation L:'(u) = f where f E C(V) and 
(f, 1) = °is equivalent to the Poisson equation 
x,yEV x,yEV 
Therefore, the unique solution of L:'(u) = f such that (u, 1) = °is given by 
u = Q(f) - L (CJ xy , u)Q(CJxy ) 
x,yEV 
and multi plying by CJ zt, we get that 
(CJzt, u) + L (CJ xy , u) (Q(CJxy ), CJzt) = (CJzt, Q(f )) = (Q(CJzt), f). 
x,yEV 
The coefficient matrix of the aboYe system is 1+ ((Q(CJXy),CJzt)) and it is non 
singular, becaust' it is s)'mmetric allJ positive Jdiuite. Therefore, 
(cr xy , u) = 	 L b(xy, zt)(Q(crzt), f), 
z,tEV 
and then u = Q(f) - L b(xy, zt)Q(crxy )(Q(crzt), f). o 
x,y,z,tEV 
Corollary 1. Jf R€ is the efJective resistance on the perturbed network, given 
v,w E V then 
Rf(V, w) = R(v, w) - ~ L b(xy, zt) VE(X, y)E(z, t)R(x, y, v, w)R(z, t, v, w) . 
.r,y,z,tEV 
2(1- b(vw,vw))
Jn particular} when E(U, w) > 0, then R€(v, w) = () . 
E V,W 
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From the identity we obtain 
(J zt) \ + - G(t, 
and the relation between Green functíon and effective resístance implies 
that 
(9 y, z, t). 
the follows from the aboye theorem newly 
the relation between effective resistances and Green functions. 
On the other hand, when v) > 0, the can be as 
2RE(v, w) 
E(V, w) 
T,y,z,tEV 
Ifl\ ( ), then I\BI\ 1\ + B 1, because B = (1 1 , and 
hence 
+ vw) 1. 
T,y,z,tEV 
The last claim follows from the identíty , (Jvw) \ 
Corollary 2. The operator on a connected network is a 71p,ofnrhr:,hn 
the Oreen any tree the network. In 
given network has a Harníltonian path, then the Creen (,""'''fn","!" 
tíon of the operator the Harniltonian 
In it is more useful to describe the 
instead of vertices and to consider 
this 
3. Assurne that we add an edge of conductance E > O between 
ver-tices x and y and consider- the . Then, 
=9 1+ 
for all v, w E 11 ít 
RE 
1 
in y) 
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We finish this section noticing that the result in Theorem 1 can be obtained 
applying recursively the aboye Corollary according with the number, k , of 
added edges. Specifically, if for any i = 1, ... , k we consider O"i, the dipole 
i 
corresponding to the i-th added edge, Li L + L P"j the combinatorial 
j=l 
Laplacian and 9i its Creen operator, then 
1 
9i = 9i-1 - 1 + /9_ (_) _)P(;i;-¡(r7 i )'\ , - 10", ,0", 
because Li = Li-1 + Pr7i , i = 1, . . . , k, where 90 denotes the Creen operator 
for LO = L 
This strategy recovers the method used to obtain the Moore-Penrose in­
verse of perturbed irreducible t ridiagonal matrices, see [4J for the nonsingular 
case and [3J for singular matr ices. 
3 Application: The Green function of a lattice 
In this section we apply the aboye techniques to determine the Creen func­
tion of the 3 x 3-1attice whose vertices are labeled V = {Xl,'" ,xg}. The 
conductance function is defined as follows, see Figure 1: 
(i) C(Xi ,Xi+¡) = e > O, for i = 1, . .. ,8. 

(ii)c(X1, X6) = C(X2, X5) = C(X5, xs) = C(X4, xg) = a > O. 

x , ~.} X l 
.... .-. 
~ e e 
-

a a 
1 

:L'o 1:,- x, 
a a 
..... .... 
Fig. 1. 3 X 3-1att ice. 
The Hamiltonia n path has constant conductance equal to e and its Creen 
function, is given by, see [1] 
G(Xi ,Xj) = 5!c[190+3[i(i -10) +j (j -10) - 91i -jl1], i,j = 1, . . . ,9, 
which ímplies that the effective resistance is R (Xi, Xj) = li - ji, i , j = 1, . . . ,9. 
e 
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The matrix associated to Q is 
58 44 23 5 10 -22 -31 -37 -40 
44 47 25 8 --7 19 -28 -34 -37 
23 26 32 14 1 13 22 -28 -31 
G 1 
27c 
5 8 14 23 
10 -7 -1 8 
22-19-13 -4 
8 
20 
8 
-4 
8 
23 
13 
1 
14 
19 -22 
-7 -10 
8 5 
-31 -28 -22 13 1 14 32 26 23 
-37 -34 -28 -19 -7 8 25 47 44 
-40 -37 -31 -22 10 5 23 44 68 
The four added have the same conductance a. We denote 
the corresponding and moreover, 
1+ 
e + 5a 3a a 2a 
= ~ 3a e + 3a O a 
e a O 3a 3a[ 
2a a 3a e+ 
Although our method to obtain the a complex network 
throughout the function of a base works in the general 
for the sake in the seque! we assume a e, whích in 
implies that the lattice appears as Cartesian of two paths with 
three. 
-1 1 
24 
From Theorem 1, we obtain the 
-5 1 
10 2 
2 10 
-5 )] 
the lattice 
1Ge 
72e 
39 7 -5 -11 -4 
7 26 7 -4 O 
-6 7 39 7 -4 
11 -4 7 26 O 
-4 O -4 O 16 
7 -4 -11 -10 O 
-6 11 -15 -11 .- 4 
11 10 -11 -4 O 
15 -11 -6 7 -4 
7 
-4 
11 
10 
O 
26 
7 
11 
-5 11 -15 
11 10-11 
15 -11 --6 
11 -4 7 
-4 O -4 
7 -4 -11 
39 7 -6 
7 26 7 
-6 7 39 
Next, we the above Green an 
at each time. In each the obtained function is the Green function of 
new network. 
We star to the path the edge with (}16, see Figure 2 
Then, 
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x"! J I e x} 
I :, 
• L J 
Xj 
Fig. 2. Addition of dipoles O"lG (left) and 0"25 (right). 
1 
Gl =­
18c 
12 6 2 O O 2 -4 -8 -10 
6 15 8 3 0-1 - 7-11-13 
2 8 16 8 2 -2 - 8-12-14 
O 3 8 15 6 -1 -7 -11 -13 
O O 2 6 12 2 -4 - 8 -10 
2 -1 -2 -1 2 7 1 -3 -5 
-4 -7 -8 -7 -4 1 13 9 7 
-8 -11 -12 -11 -8 -3 9 23 21 
-10 -13 -14 -13 -10 -5 7 21 37 
Adding the edge with dipole 0'25, see Figure 2 right we obtain 
28 10 3 1 4 6 - 9 -19 - 24 
10 25 15 10 10 O -15 -25 -30 
3 15 38 21 9 -4 -19 - 29 -34 
1 10 21 37 13 -3 -18 -28 -33 1 G2 = ­ 4 10 9 13 22 3 -12 -22 - 27 45c 6 O -4 -3 3 17 2 -8 -13 
-9 -15-19-18 - 12 2 32 22 17 
-19 -25 -29 -28 -22 -8 22 57 52 
-24 -30 -34 - 33 -27 -13 17 52 92 
Adding the edge with dipole 0'58, see Figure 3 left we obtain 
835 175 -74 -155 -68 151 - 146 -275 -443 
175 595 238 49 28 -77 -266 -287 - 455 
-74 238 988 394 -32 -218 -380 -374 -542 
-155 49 394 907 76 -191 -326 -293 -461 
G __1_ 
-68 28 -32 76 352 4 -104 - 44 -212 3 - 1512c 
151 - 77 - 218 -191 4 547 142 - 95 -263 
-146 -266 -380 -326 -104 142 844 202 34 
-275 -287 -374 - 293 -44 -95 202 667 499 
-443 -455 -542 -461 -212 -263 34 499 1843 
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x , 1'1 .r.1 JI X'l :r..1 
I 	
e 
•1~'h x, x< I x, • 
'Ix. x, •1:,:r7 	 .es xo 
Fig. 3. Addition üf dipoles US8 (Ieft) and U49 (right). 
Finally the addition of the edge with dipole 0"49, see Figure 3 right, leads 
to the previously obtained Green function of the lattice, G€ , as expected . 
To conclude, we notice that the lattice we have been working with, can 
be seen as the Cartesian product of P3, the path of length 3 with constant 
conductance. We al so recall that the Green function of a network r , can be 
expressed in terms of its Laplacian othonormal eigensystem {( ,\, <Pi), i E I}, as 
G = L i;¡<Pi <P;, where <Pi is the normalized eigenfunction of Ai, a Laplacian 
).i >O 
eigenvalue of r. 
Moreover, it is well known that if r and r l have eigensystems {(Ai, <Pi ), i E 
I}, and {(,u j , Wj), j E J} resp., then the eigensystem of the Cartesian product 
is {O"k, I1k , k E fu J}, where O"k = Ai +Aj, I1 k = <Pi 0 Wj and <g is the Kronecker 
producto 
According to this results and taking into account that P3 has eigensys­
tem {(O, ~(1, 1, 1)) ; (1, ~(l,O, -1) ) ; (3, ~(l,O, -1))} , we get another way 
to derive the Green function of the lattice. 
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